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  Éı.

Braśılia
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8.1.1 Ć 1: R̃   ̧̃ . . . . . . . . . . . . . . . . 53
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8.2.1 Ã̧ 1: F       ́

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
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8 Introũ̧o

1 Introdução

A     ́ı    ́ 

   ́      ́  .

T    ̃  , ̧̃,   ̧̃. A

 ̃ ̧̃      ̧̃,     ,

̧̃        ,    ́ı

  ̧̃   ̃.

P       ́ı     -

̃, -   ́ µt   ́ yt    

    (0,1)  ̧̃   ́  ̃   -

. E ́ ̃    ́  ́ . U

    ́ µt ́ ́  ́  ̃   (DRA-

PER; SMITH, 1998). N ,  ́  yt   ̧̃

  ́ µt  ̂  σ2. S̃-   ́ µt   

k ́ ́   µt = X⊤
t    = (1, 2,    , k)

⊤ ∈ Rk   -

  ̂     ,  Xt = (xt1, xt2,    , xtk)
⊤ ∈ Rk 

     k ́   t-́ ̧̃  . E,

            ̂

    .

P,       yt ́   ́ ́

 yt = µt = X⊤
t
 ∈ R,  , yt   . D ,   yt ́

 yt     ̃    ́ı ́. O 

     ̃    y    X 

̃    . S, ̃-   ̧̃  yt ́ ́

()  ̂ ,  ,   ́ı   yt

́ ́     ́ µt  ́. E,  ́ı

   (c,d),  c  d ,   ̧̃ ́

 ̂ ̃  (QUEIROZ, 2022). T ́ı   

    ̂   ,  ,

     . D  ,      

̃        ́ ̃ ́  

.

P   ,       ̃,  

   ̧̃    yt     -

 (0,1),   ,    ̂   ́

µt. N           ̃ -
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  ̧̃      (0,1) (BARNDORFF-NIELSEN;

JØRGENSEN, 1991; KIESCHNICK; MCCULLOUGH, 2003; SONG; TAN, 2000; FER-

RARI; CRIBARI-NETO, 2004). P    ,  

    ́  yt   ̧̃   

    ̧̃    ̧̃ .

O  ́ı  ́  ̧̃    

̂    ́ ́ ́ı     

(0,1). A   ̧̃    ̂,  ̧̃  -

 ,   ́. C  ̧̃ 

̧̃, F  C-N (2004)       ̃

  yt   ̧̃    ́ µt    ̂ 

̃ ϕ. N ,  ́ µt ́  ́    ̃

 gµ(µt) = X⊤
t   gµ(·) : (0,1) → R   ̧̃  ̧̃. S

, ́-  µt = g−1
µ (X⊤

t ) ∈ (0, 1). L,   yt  µt,  ́ -

       (0,1). T́,   ́ ́

  ̂  yt    ̧̃ ́   ́ µt. U ̃

   ́    ̃   ́     

̧̃. T     S  V (2006)  ̃-

 yt   ̧̃    ́ µt  ̃ ϕt. N ,

-    ̃    ̃ ϕt.

A  ́       ́ı 

̃    (0,1). E,  ́,    

 ̂   / ,  ́,  ̂ ́   

  [0,1), (0,1]  [0,1]. U      ́  

̧̃  ̧̃   0  1        

(0, 1),  ,     . E,  

 , -  ́     ̂,  

  ̃    ́ı  . N ,  

   ,  ́     ́ ̧

̃ ́  (RIBEIRO; FERRARI, 2022).

U       ̧̃ ́      -

  ̃     O (2008). N 

̃    ́     ̧̃   

  ̂  , ,     . N  -

 ̃-   ́ yt   ̧̃     c,

 ́        ̧̃  ́ı   -

̧̃     y = c  c      . A 

      yt ́ ́ı     
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̧̃  ́ı   ̧̃  B.

O  Ŕ ,  ́    ́ı,  ̃ 

      ̃    F  C-N

(2004), S  V (2006)  O (2008), ́   ̧̃ 

  ́   ̧̃. N Ćı 2 ̃    -

́ı      ́ı. N Ćı 3 ̃ 

   ̃       ̧̃  

Ćı 2. N Ćı 4 ̃  ́  ̧̃   -

   ̧̃    ́   ̂    ̃.

N Ćı 5 ̃     ̧̃    

 ́  ̧̃  . N  ́ı ̃  ́  -

́ ́    ̃ . O Ćı 7   

    ̧̃   ̧̃, ́     -

   . N Ćı 8 ̃     ̧̃

  ̧̃   . P ,  Ćı 9 ̃   ̧̃

  .
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2 Distribuições de probabilidade

2.1 Distribuição beta

A ̧̃  ́  ı́  ̧̃   ́ı

     (0,1)     ,  -

,    a  b (CASELLA; BERGER, 2011). E  ̂

    ̧̃   ́ ́    

 ̧̃.

A ̧̃    ()   ́ ́ y  

 ̧̃   ̂ a, b > 0 ́  

f(y; a,b) =
ya−1(1− y)b−1

B(a,b)
, 0 < y < 1, (2.1.1)

  B(a,b) ́  ̧̃   

B(a,b) =

 1

0

ta−1(1− t)b−1dt =
Γ(a)Γ(b)

Γ(a+ b)
,

 Γ() ́  ̧̃   

Γ(z) =

 ∞

0

uz−1e−udu,

   ́     ́  . A,  ̃

(2.1.1)    

f(y; a,b) =
Γ(a)Γ(b)

Γ(a+ b)
ya−1(1− y)b−1, 0 < y < 1  a, b > 0 (2.1.2)

A ̧̃  ̧̃  ()  ̧̃  ́  

F (y; a,b) =

 y

−∞
f(t; a,b)dt

=
Γ(a+ b)

Γ(a)Γ(b)

 y

0

ta−1(1− t)b−1dt

=
1

B(a,b)

 y

0

ta−1(1− t)b−1dt

=
By(a,b)

B(a,b)
, (2.1.3)

  0 < y < 1  BY (a,b) =
 y

0
ta−1(1− t)b−1dt ́   ̧̃  
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(JOHNSON; KOTZ; BALAKRISHNAN, 1995).

A ̧̃  ́  ́ı      

̂ a  b. E      ,   -

         ̂ ́,  

 ́        (0,1). Ñ ,  -

̧̃  ́ ́ ́  ̂      (c, d),

 c  d  . P , -  ̧̃ (y − c)(d − c) 

   ́ı       ̧̃ .

A  ̧̃     (2.1.2),    

,  n = 1,2,3,   ,      ̧̃

E(yn) =

 1

0

ynf(y; a,b)dy

A,  

E(yn) =
1

B(a,b)

 1

0

y(a+n)−1(1− y)b−1dy

=
B(a+ n,b)

B(a,b)

 1

0

1

B(a+ n,b)
y(a+n)−1(1− y)b−1dy

=
B(a+ n,b)

B(a,b)

=
Γ(a+ n)Γ(b)

Γ(a+ n+ b)

Γ(a+ b)

Γ(a)Γ(b)


S,  

E(yn) =
Γ(a+ n)

Γ(a+ n+ b)

Γ(a+ b)

Γ(a)


T n = 1,2,     ̧̃ ,    

  y,       ̃  , ,

 ́   ̂  ́ ́ y. P,

E(y) =
Γ(a+ 1)

Γ(a+ 1 + b)

Γ(a+ b)

Γ(a)
=

a

a+ b
,

V(y) = E(y2)− [E(y)]2

=
Γ(a+ 2)

Γ(a+ 2 + b)

Γ(a+ b)

Γ(a)
−


a

a+ b

2

=
ab

(a+ b)2(a+ b+ 1)
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F  C-N (2004)   ̧̃  ̧̃

  (2.1.2)     ̂    ́  

̃  y. T ̧̃      ̃  

 ́ µ   ́  y   ́ı   ̧̃

. Á ,      ́ µt  ́  

̂ ϕ    ̃.

N ,   µ = E(y) = a(a + b)  ϕ = a + b,  

a = µϕ  b = ϕ − µϕ = (1 − µ)ϕ , ,   ̃   

 ̧̃  :

f(y;µ,ϕ) =
Γ(ϕ)

Γ(µϕ)Γ((1− µ)ϕ)
yµϕ−1(1− y)(1−µ)ϕ−1, 0 < y < 1 (2.1.4)

A   ̧̃   ́  

F (y;µ,ϕ) =

 y

−∞
f(t;µ,ϕ)dt =

BY (µϕ,(1− µ)ϕ)

B(µϕ,(1− µ)ϕ)
 (2.1.5)

D  y ∼ B(µ,ϕ)  ́ ́ y   ̧̃

  ̧̃      (2.1.4). C 

,  ̧̃  ́  ́ı,    

      (0,1). N F 1 ̃   

̧̃     ̧̃ ,   

  ̂ µ  ϕ. P-       

      ̂. Q µ = 0,5  ϕ ̸= 2,  

  ́  . P µ ̸= 0,5    ̃

́   ,    J  J . P µ = 0,5 

ϕ < 2,       U. Q µ = 0,5  ϕ = 2,  ̧̃  

̧̃      ̧̃  ̃.

S   ̧̃,  ̂  ́ ́ y   

V(y) =
ab

(a+ b)2(a+ b+ 1)

=
µϕ(1− µ)ϕ

(µϕ+ (1− µ)ϕ)2(µϕ+ (1− µ)ϕ+ 1)

=
µ(1− µ)

ϕ+ 1

=
V (µ)

ϕ+ 1
,

  V (µ) = µ(1 − µ). O- ,   ́ µ ,  ̂
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Figura 1 Curvas para a fdp da distribuição beta reparametrizada para diferentes valores de (µ, ϕ).

 y          ϕ. E ,  

 ϕ       ̂  y. P  ̃, ϕ ́  

̂  ̃  ̧̃  . E  ́

      F 2   ̃   

   (2.1.4),  µ   0,5     ̂  ̃ ϕ.

2.2 Distribuição beta inacionada

E ̧̃ ́,      ̧̃   -

     (0,1) ,     ́  /

. N ̧̃,    ̃    ̧̃  ̃

̃ ,           y  

 (0,1).

P  ̧̃, O  F (2010)   ı́  -

̧̃  ,    / , ,  ,  

  y       . S O (2008), 

              

       . N , ́  -
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Figura 2 Curvas para a função densidade de probabilidade da distribuição
beta reparametrizada para µ xo e diferentes valores de ϕ.

 ́           

́ı (SILVA, 1989; KODA, 2018).

2.2.1 Distribuição beta inacionada em zero ou em um

A      [0,1)  (0,1],   -

́ı   ̧̃          -

   ̧̃    ̧̃      ,

     . A,  ̧̃    

́ı  ,    ̧̃     

        .

D   ́ ́   ̧̃  

      ́ ,    c (MACYS, 1987). S

O  F (2010),    ̧̃       (BEZI 

BEOI) ́  

bic(y;,µ,ϕ) =


,  y = c

(1− )f(y;µ,ϕ),  0 < y < 1,
(2.2.1)

  f(y;µ,ϕ) ́    ̧̃     (2.1.4),

 ̂ µ  ϕ (0 < µ < 1  ϕ > 0),  0 <  < 1    

  (c = 0)   (c = 1). A ̧̃   (2.2.1) ́  
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bic(y;,µ,ϕ) = I{c}(y)(1− )1−I{c}(y)f(y;µ,ϕ)1−I{c}(y), (2.2.2)

  I{c}(y)   ̧̃     1  y = c,  0 

́. A  ̧̃   (2.2.2), -   c 

   0  1,  ́, y ∈ (0,1),  ̃   (2.1.4) 

 (1− ),   c = 0  c = 1,    .

A    ́  

BIc(y;,µ,ϕ) = I{c}(y) + (1− )F (y;µ,ϕ), (2.2.3)

   ̧̃ F (·;µ,ϕ) ́    ̧̃     ,

 (2.1.5).

C  O  F (2010),   ́ ́

y      (2.2.1),  c = 0,    ̧̃ -

  ,   y ∼ BEZI(,µ,ϕ),   c = 1,   -

̧̃   ,   y ∼ BEOI(,µ,ϕ).

A ́  ̂  ̧̃ ̃  

E(y) = c+ (1− )µ,

V(y) = (1− )
V (µ)

ϕ+ 1
+ (1− )(c− µ)2,

(2.2.4)

  V (µ) = µ(1− µ). D ̃ (2.2.4),   ̧̃ BEZI  

E(y) = (1− )µ,

V(y) = (1− )
V (µ)

ϕ+ 1
+ (1− )µ2,

   ̧̃ BEOI 

E(y) =  + (1− )µ,

V(y) = (1− )
V (µ)

ϕ+ 1
+ (1− )(1− µ)2

P   ̧̃ -      µ  ,  ̂

 y        ϕ ,       

̧̃ ϕ ́      ̂  ̃.

N F 3  4 ̃        ̧̃

BEZI  BEOI, ,      ̂ , µ
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 ϕ. C    ́,   ́    

 ̧̃       (0,1),    ̧̃

   ̂ µ  ϕ. E,   ̧̃   ̂ , ̃ ́

́ı   ́      ̧    

      ,   .

Figura 3 Curvas para a fdp da distribuição BEZI para diferentes valores de ϕ, µ e α.

2.2.2 Distribuição beta inacionada em zero e um

Q   ̃    ́ı [0,1],  , 

  ,       ̧̃  ̃ ́ -

. P  ̧̃,    ̧̃      .

E      ̧̃ ,     ́ı

 ̧̃,   ̧̃  B,     ,

 ̃  ̧̃ 0  1.

A ̧̃  B ́   ́ı    

   ́      ́ı,  

   ,     ̂,    

,   1 −  (ROSS, 2009). Ẽ,    ́
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Figura 4 Curvas para a função densidade de probabilidade da distribuição BEOI para diferentes valores
de ϕ, µ e α.

́ y  ̧̃  B  ̂     ́

f(y; ) = y(1− )1−y,

  y = 0,1  0 ≤  ≤ 1. D y ∼ B(),     

n, n = 1,2,3,   ,  

E(yn) = 0n0(1− )1−0 + 1n1(1− )1−1 = ,

, ,

E(y) = E(y1) = , 

V(y) = E(y2)− [E(y)]2 =  − 2 = (1− )

A    ́ ́ y  ̧̃  B ́  

B(y; ) =





0,  y ≤ 0,

1− ,  0 < y < 1,

1,  y ≥ 1

(2.2.5)
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S O  F (2010),    ̧̃    

  (BEINF) ́  

(y; π,,µ,ϕ) =





π,  y = 1,

π(1− ),  y = 0,

(1− π)f(y;µ,ϕ),  0 < y < 1,

(2.2.6)

  π, ∈ (0,1)  f(y;µ,ϕ) ́    ̧̃   

 (2.1.4),  ̂ µ  ϕ (0 < µ < 1  ϕ > 0).

O (2008)     ̧̃ BEINF 

BEINF(y; π, ,µ,ϕ) = πB(y; ) + (1− π)F (y;µ,ϕ), (2.2.7)

  B(·, )      ́ ́  B  (2.2.5),

 F (·;µ,ϕ) ́  ̧̃  ̧̃   ̧̃  ,

 (2.1.5).

O-   (2.2.6)  ̂ π   ̧̃  , 

    ́ ́     ́ı (0,1)

   0  1,      ̧̃ . N, ,

 π     ́ ́ y    ̧̃

 B,  1 − π     ́ ́ y  

 ̧̃ . D  y ∼ BEINF(π,,µ,ϕ),  ́ ́ 

    [0,1]   ̧̃      ,

      (2.2.6).

A ́   ̂  ̧̃ ̃  

E(y) = π + (1− π)µ,

V(y) = π(1− ) + (1− π)
V (µ)

ϕ+ 1
+ π(1− π)( − µ)2,

  V (µ) = µ(1 − µ). D  ́, -   ́  -

̧̃  ϕ   ̂  ̃.

A F 5     ̧̃   ̧̃ BEINF

    µ, ϕ,   π   . C   ,

    ́  µ = 0,5   = 0,5  ́, 

µ ̸= 0,5. P µ = 0,5  ϕ < 2        (0,1) 

  U. Á ,         

   . T́ -   ϕ ≤ 2,   

  J  J   µ > 0,5  µ < 0,5, .
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Figura 5 Curvas para a fdp da distribuição BEINF para diferentes valores de ϕ, µ, e π e γ xados.

O  F (2010)   ̧̃   ̧̃ 

   (2.2.6). F 1 = π  0 = π − 1, 

∗(y; 0,1,µ,ϕ) =





0,  y = 0,

1,  y = 1,

(1− 0 − 1)f(y;µ,ϕ),  0 < y < 1

(2.2.8)

N   ̧̃  (2.2.8)    ̧̃ 0 < 0+ 1 < 1  .

E    ̧̃   BEINF   ̧̃ 

,  ́  ́       ̃, 

   ̂ 0  1 , ,    ́

́ y    0, 0 = P (y = 0)    1, 1 = P (y = 1).
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3 Modelos de regressão beta

3.1 Regressão beta com precisão constante

A ̧̃  ̧̃    F  C-N

(2004)    ̧̃    ̃. D  ̃ (2.1.4),

 F  C-N (2004)    ̃  ́  

,  n ̧̃    ́ ́ y  ̧̃ ,

 ́ µt   ̧̃ yt    

gµ(µt) =
k

i=1

xtii = X⊤
t  = t, (3.1.1)

   = (1, 2,    ,k)
⊤ ∈ Rk ́    ̂   

́, Xt = (xt1, xt2,    ,xtk)
⊤ ∈ Rk ́       k ́ -

 (́)   t-́ ̧̃ (t = 1,2,    ,n),  gµ() ́  ̧̃ 

̧̃ ́ı,  ́    ́. O  

  gµ() ́  µt    ̧̃   ́   (0,1). O

    ̧̃  ̧̃ gµ()    ́   

 ̧̃,  ,  ̧̃    ̧̃  F. T 

́ ́     ́    ̂

 ̃,  ́   .

P    ̃     ̧̃   ̧̃

 ̧̃ gµ()     . A ,    ̧̃

 ̧̃    ̧̃ ́ı   , -

,  ̧̃  ̧̃     (FERRARI; CRIBARI-NETO,

2004; OSPINA, 2004; PEREIRA, 2010) ̃  :

• ̧̃ : g(µ) = 


µ
1−µ


,       ̧̃

́ı ̃.

• ̧̃ : g(µ) = Φ−1(µ),   Φ() ́    ̧̃  ̃.

• ̧̃ -: g(µ) = − [− (µ)],   g−1(µ) ́    ̧̃

G ̃ (́),        ̧̃

   ̃,  I (GUMBEL, 1954).

• ̧̃  -: g(µ) = [− (1 − µ)],   g−1(µ) ́  

 ̧̃ G ̃ (ı́),      

̧̃    ̃,  I (GUMBEL, 1954).
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• ̧̃ C: g(µ) = [π(µ − 05)],       -

̧̃ C ̃.

O   ̂   ̃   ̂  ̃ ϕ ̃ -

 , ,   . P  , F  C-N (2004)

  ́  ́ ̧,     ̃  

  ̂    ̧̃    

 . C ́   ,    ́ ̧

  ́ ́      ́ .

S y1, y2,    ,yn ́ ́    yt ∼ B(µt,ϕ). Ẽ,

 ̧̃  ̧   = (⊤,ϕ)⊤ ́  

L() =
n

t=1

f(yt;µt,ϕ) =
n

t=1


Γ(µt)

Γ(µtϕ)Γ((1− µt)ϕ)
yµtϕ−1
t (1− yt)

(1−µt)ϕ−1




A,    ̧̃  ̧   ́

l() = (L())

=
n

t=1

(f(yt;µt,ϕ))

=
n

t=1




Γ(µt)

Γ(µtϕ)Γ((1− µt)ϕ)
yµtϕ−1
t (1− yt)

(1−µt)ϕ−1



=
n

t=1

lt(µt,ϕ) (3.1.2)

D  ̃   ́,      

,  

lt(µt,ϕ) =  Γ(ϕ)−  Γ(µtϕ)−  Γ((1− µt)ϕ)

+ (µtϕ− 1) (yt) + [(1− µt)ϕ− 1] (1− yt),

 µt = g−1(t)  ̧̃      Xt.

O ́  ́ ̧        = (⊤,ϕ)⊤

   ̃  (3.1.2) ,  , ́ ́    

 lt(µt,ϕ)  ̧̃     ̂   ϕ. R- ,  ,

 ́ µt ́   ́        ̃

  µt,    (3.1.1). O ̂  ̃ ϕ ́ 

 , ,      ̧̃. A 

   ̂   ϕ   ́  ̃ 

      ϕ,    Uβ()  Uϕ(), .
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A,  i = 1,    , k,        ̃    

Uβi
() =

∂l()

∂i

=
n

t=1

∂lt(µt,ϕ)

∂µt

dµt

dt

∂t
∂i

=
n

t=1


ϕ [(yt)− (1− yt)− ψ(µtϕ) + ψ((1− µt)ϕ)]

1

gµ′(µt)
xti



=
n

t=1

ϕ(yt
∗ − µt

∗)
1

gµ′(µt)
xti,

  gµ
′(µt) ́     gµ()   µt, ψ(λ)   ̧̃ ,

 ́, ψ(λ) = ∂  Γ(λ)∂λ, yt
∗ = (yt(1−yt))  µt

∗ = E(y∗t ) = ψ(µtϕ)−ψ((1−µt)ϕ).

S X    ̃ n × k      X 

    i-́ ́, i = 1, 2,    , k, y∗ = (y1
∗,    , yn∗)⊤, µ∗ =

(µ1
∗,    , µn

∗)⊤  T = 1gµ′(µ1),    , 1gµ
′(µn). Ẽ,    Uβ() 

  

Uβ() = ϕX⊤T (y∗ − µ∗) (3.1.3)

O    ϕ ́  ́ ,  ́  

Uϕ() =
∂l()

∂ϕ

=
n

t=1


µt[(yt)− (1− yt)− ψ(µtϕ)

+ ψ((1− µt)ϕ)] + (1− yt) + ψ(ϕ)− ψ[(1− µt)ϕ]



=
n

t=1


µt[yt

∗ − µt
∗] + (1− yt) + ψ(ϕ)− ψ[(1− µt)ϕ]




P ,    ́ ̧   ́    

̧̃    ̧̃

Uβ() = 0,

Uϕ() = 0,

 ̧̃  .

O   ́ ̧   = (⊤,ϕ)⊤ ́  

̂ = (̂⊤, ϕ̂)⊤. O-  ̃ ́ ́ı      ́ı,

   ̃   . S , ́ ́   ́

 ̧̃ ̃       ̧̃  ̧ ,
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,      . F  C-N (2004) -

      N-R    Q-N, ,

,        ̂.

O      ̂  ,   -

́        ,  ,

     ́   ̂. P

,      ́    ́ -

̧ (BICKEL; DOKSUM, 2001). S ̧̃   ,  

 , -  

 =


̂

ϕ̂


a∼ Nk+1




ϕ


;K−1


,

 
a∼    ̧̃ ́   K ́  M  Ĩ̧  F

 

K = K() =



−E


∂2l()

∂∂⊤


−E


∂2l()

∂∂ϕ



−E


∂2l()

∂ϕ∂⊤


−E


∂2l()

∂ϕ2




 =


Kββ Kβϕ

Kϕβ Kϕϕ


,

  Kββ = ϕX⊤WX, Kβϕ = K⊤
ϕβ = X⊤Tc, Kϕϕ = (D) 

W = w1,    , wn,
D = d1,    , dn,
c = (c1,    , cn)

⊤,

wt = ϕψ′(µtϕ) + ψ′((1− µt)ϕ)


1

gµ′(µt)

2

,

dt = ψ′(µtϕ)µt
2 + ψ′((1− µt)ϕ)(1− µt)

2 − ψ′(ϕ),

ct = ϕψ′(µtϕ)µt − ψ′((1− µt)ϕ)(1− µt)

S F  C-N (2004),    M  Ĩ̧ 

F ́  

K−1 = K−1() =


Kββ Kβϕ

Kϕβ Kϕϕ


, 

Kββ =
1

ϕ
(X⊤WX)−1


Ik +

X⊤Tcc⊤T⊤X(X⊤WX)−1

ϱϕ


,

Kβϕ = (Kϕβ)⊤ = − 1

ϱϕ
(X⊤WX)−1X⊤Tc ,

Kϕϕ = ϱ−1,
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  ϱ = (D)−ϕ−1c⊤T⊤X(X⊤WX)−1X⊤Tc, Ik ́     ̃

k.

3.2 Regressão beta com precisão variável

N ̧̃    ,   ́,   

 F  C-N (2004)    ̃ ́    

̧̃,     ́  . C   B

(2011),  ̧̃    ̃     ́, 

   ̧̃   ̂ ϕ.

N      (MLG)   N 

W (1972),    ̃     -

 ,    ́   ̃ ̃   (NELDER;

LEE, 1991; SMYTH; VERBYLA, 1999). N , S  V (2006) -

  ̃    ̃    F  C-N

(2004). S   , -    ̃  

 ́  ̂  ̃ ϕ.

C   ̃ ϕt ́    ́ µt,

     ̃

gϕ(ϕt) =

q

j=1

ztjj = Z⊤
t  = ϑt, (3.2.1)

   = (1, 2,    ,q)
⊤ ∈ Rq ́    ̂   

̃, Zt = (zt1, zt2,    ,ztq)
⊤ ∈ Rq ́       q ́ 

̃   t-́ ̧̃,  gϕ() ́  ̧̃  ̧̃ ́ı, 

́    ́. O- ,      

́,      ı́  ́ ,  ̂  ̃

    ,    V(y) ̃   .

D  ̧̃  ̧̃     ́, ̃   

(SMITHSON; VERKUILEN, 2006)  ̧̃  ̧̃ :

• ̧̃ : gϕ(ϕ) = (ϕ).

• ̧̃ -: gϕ(ϕ) =
√
ϕ.

A ̧̃  ̧̃ gϕ(·)   ́  ́ı,     



ϕt = 


q

i=1

ztjj


= eϑt 
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O   ̧̃  ́ ̧ ́   

    ̃  ,  ,  ̧̃  ̃ ́

́   ̧̃  ̂     ̃, 

(3.1.1)  (3.2.1).

T y1, y2,    ,yn ́ ́    yt ∼ B(µt,ϕt), 

̧̃  ̧   = (⊤, ⊤)⊤ ́  

L() =
n

t=1

f(yt;µt,ϕt)

=
n

t=1


Γ(µt)

Γ(µtϕt)Γ((1− µt)ϕt)
yµtϕt−1
t (1− yt)

(1−µt)ϕt−1


,

     ̧̃  ̧   ́

l() = (L())

=
n

t=1

(f(yt;µt,ϕt))

=
n

t=1




Γ(µt)

Γ(µtϕt)Γ((1− µt)ϕt)
yµtϕt−1
t (1− yt)

(1−µt)ϕt−1



=
n

t=1

lt(µt,ϕt), (3.2.2)



lt(µt,ϕt) =  Γ(ϕt)−  Γ(µtϕt)−  Γ((1− µt)ϕt)

+ (µtϕt − 1) (yt) + [(1− µt)ϕt − 1] (1− yt),
(3.2.3)

 µt = g−1
µ (t),  ̧̃    Xt,  ϕt = g−1

ϕ (ϑt),  ̧̃    Zt.

A      , Uβi
(), i = 1,2,    , k, ̃  

Uβi
() =

∂l()

∂i

=
n

t=1

∂lt(µt,ϕt)

∂µt

dµt

dt

∂t
∂i

=
n

t=1


ϕt [(yt)− (1− yt)− ψ(µtϕt) + ψ((1− µt)ϕt)]

1

gµ′(µt)
xti



=
n

t=1

ϕt(yt
∗ − µt

∗)
1

gµ′(µt)
xti
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D   Φ = ϕ1,    ,ϕn,        ́

Uβ() = ΦX⊤T (y∗ − µ∗)

A      , Uγj(),  j = 1,2,    , q, ̃  

Uγj() =
∂l()

∂j

=
n

t=1

∂lt(µt,ϕt)

∂ϕt

dϕt

dϑt

∂ϑt

∂j

=
n

t=1


µt[(yt)− (1− yt)− ψ(µtϕt)

+ ψ((1− µt)ϕt)] + (1− yt) + ψ(ϕt)− ψ[(1− µt)ϕt]
1

gϕ′(ϕt)
ztj



=
n

t=1


µt(yt

∗ − µt
∗) + (1− yt) + ψ(ϕt)− ψ((1− µt)ϕt)

1

gϕ′(ϕt)
ztj



=
n

t=1

at
1

gϕ′(ϕt)
ztj,

  at = µt(yt
∗ − µt

∗) + (1− yt) + ψ(ϕt)− ψ((1− µt)ϕt).

S Z    ̃ n × q      Z  

n     j-́ ́, j = 1,2,    , q, H = 1gϕ′(ϕ1),    ,

1gϕ
′(ϕn)  a = (a1,    , an)

⊤,        ́

Uγ() = HZ⊤a (3.2.4)

O   ́ ̧  ,   ̂ = (̂⊤, ̂⊤)⊤, ́

     ̧̃

Uβ() = 0,

Uγ() = 0,

 ̧̃   = (⊤, ⊤)⊤. A    Ş̃ 3.1,  ̧̃ ́

̃ ́      ́ ̧  ̂

 ̃   ,   ̂  ̂   ́ı,  ́  

́   ̧̃.

S ̧̃     n  , E (2007)

   ̧̃    ̂ = (̂⊤, ̂⊤)⊤ ́  (k+ q)-,
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 ́

̂ =


̂

̂


a∼ Nk+q







;K∗−1


,

  K∗ ́  M  Ĩ̧  F  ̂,  

K∗ = K∗() =



−E


∂2l()

∂∂⊤


−E


∂2l()

∂∂⊤



−E


∂2l()

∂∂⊤


−E


∂2l()

∂∂⊤




 =


K∗

ββ K∗
βγ

K∗
γβ K∗

γγ


,

 K∗
ββ = X⊤ΦWX, K∗

βγ = K∗⊤
γβ = X⊤CTHZ, K∗

γγ = Z⊤D∗Z 

Φ = ϕ1,    ,ϕn,
C = c1∗,    , cn∗,
D∗ = d1∗,    , dn∗,
ct

∗ = ϕtψ′(µtϕt)µt − ψ′((1− µt)ϕt)(1− µt),
dt

∗ = [ψ′(µtϕt)µt
2 + ψ′((1− µt)ϕt)(1− µt)

2 − ψ′(ϕt)][gϕ(ϕt)]
−2

A   M  Ĩ̧  F ́   (ESPINHEIRA, 2007)

K∗−1 = K∗−1() =


K∗ββ K∗βγ

K∗γβ K∗γγ


(3.2.5)

 

K∗ββ =

X⊤ΦW ∗X −X⊤CTHZ(Z⊤D∗Z)−1Z⊤HTC⊤X

−1
,

K∗βγ = (K∗γβ)⊤ = −K∗ββX⊤CTHZ(Z⊤D∗Z)−1,

K∗γγ = (Z⊤D∗Z)−1

Iq + (Z⊤HTC⊤X)K∗ββX⊤CTHZ(Z⊤D∗Z)−1


,

 W ∗ = w1
∗,    , wn

∗, wt
∗ = ϕtψ′(µtϕt) + ψ′((1− µt)ϕt)dµtdt2  Iq 

    q, X  T    Ş̃ (3.1).

E (2007)    ϕ1 = ϕ2 =    = ϕn = ϕ,  , 

    ̃ ́       ̧̃  ,

 ̃  (3.2.5)    M  Ĩ̧  F  (3.1),  

  ̃   ̃ .

3.3 Regressão beta inacionada

A ̧̃     Ş̃ 2.2.1  2.2.2 -

      ̃   ̧̃   
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 , ́      ́ı ́, ́ -

  ́    /  .

3.3.1 Regressão beta inacionada em zero ou em um

C O  F (2012),  y1, y2,    ,yn ́ ́

  ̧̃     (2.2.1),   ̂

 = t, µ = µt  ϕ = ϕt,    ̃   ̂ ̃  

gµ(µt),   (3.1.1), gϕ(ϕt),   (3.2.1), 

gα(t) =

p

i=1

vtiρi = Vt
⊤ρ = λt, (3.3.1)

  ρ = (ρ1, ρ2,    ,ρp)
⊤ ∈ Rp ́    ̂    t,

vti = (vt1, vt2,    ,vtp)
⊤ ∈ Rp ́       p ́   

 t-́ ̧̃,  gα() ́  ̧̃  ̧̃ ́ı,  ́ 

  ́   gα : (0,1) → R. A  ̧̃  ̧̃  ̧̃

  Ş̃ 3.1,  ́  gµ()    ́  gα(·).

S  ̧̃   ́ ,     

c = 0 ́   ̃     (̃ BEZI)   

̧̃   c = 1 ́   ̃     (̃

BEOI).

A ̧̃       (3.3.1) ́  ́ 

  ̧̃  ̂  ̃   t   .

A ̧̃  ̧   = (ρ⊤, ⊤, ⊤)⊤ ́

L() =
n

t=1

bic(yt;t,µt,ϕt)

=
n

t=1



I{c}(yt)
t (1− t)

1−I{c}(yt)


f(yt;µt,ϕt)
1−I{c}(yt)



=


n

t=1



I{c}(yt)
t (1− t)

1−I{c}(yt)



 

t:yt∈(0,1)
f(yt;µt,ϕt)


 

S  = (⊤1 , 
⊤
2 )

⊤, 1 = ρ  2 = (⊤, ⊤)⊤, ̃    ̧̃  -
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̧   ́  

l() = (L())

= l1(1) + l2(2)

=
n

t=1

lt(t) +


t:yt∈(0,1)
lt(µt,ϕt), (3.3.2)

 

lt(t) = I{c}(yt) (t) + (1− I{c}(yt)) (1− t),

lt(µt,ϕt) =  Γ(ϕt)−  Γ(µtϕt)−  Γ((1− µt)ϕt) + (µtϕt − 1) (yt)

+ [(1− µt)ϕt − 1] (1− yt)

=  Γ(ϕt)−  Γ(µtϕt)−  Γ((1− µt)ϕt)

+ (µtϕt − 1)[(yt)− (1− yt)] + ϕt (1− yt)− 2 (1− yt)

=  Γ(ϕt)−  Γ(µtϕt)−  Γ((1− µt)ϕt)

+ (µtϕt − 1) 


yt

1− yt


+ (ϕt − 2) (1− yt)

C   O  F (2012),  
n

t=1 lt(t) -

    ̧̃  ̧     ̃   -

 ́,       t-́ ̧̃ ́ t = gα
−1(λt).

A 


t:yt∈(0,1) lt(µt,ϕt) ́    ̧̃  ̧   

 ̃    ̧̃    ́ı (0,1).

O      (3.3.1)   ̃ ́ 

  ,     ́     ̃  -

  ̂ ϕ. D ,     lt(µt,ϕt) ́   

 (3.2.3),     ̃  ̃ ́ (SMITHSON; VER-

KUILEN, 2006). C     ̃ , ̃ ̃ 

    ̃   ϕ,      ̧̃

 ̧       (3.1.2).

O   Uρ(), Uβ()  Uγ() ̃    ̃ 

(3.3.2)  ̧̃       ̂  ̃  ρ,

  , . A,  l = 1,    , p, i = 1,    , k  j = 1,    , q,
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́- 

Uρl() =
∂l1(1)

∂ρl

=
n

t=1

∂lt(t)

∂t

dt

dλt

∂λt

∂ρl

=
n

t=1

I(c)(yt)− t

t(1− t)

1

gα′(t)
vtl,

Uβi
() =

∂l2(2)

∂i

=


t:yt∈(0,1)

∂lt(µt,ϕt)

∂µt

dµt

dt

∂t
∂i

=


t:yt∈(0,1)


ϕt [(yt)− (1− yt)− ψ(µtϕt) + ψ((1− µt)ϕt)]

1

gµ′(µt)
xti



=


t:yt∈(0,1)
ϕt(yt

∗ − µt
∗)

1

gµ′(µt)
xti

=
n

t=1


1− I{c}(yt)


ϕt(yt

∗ − µt
∗)

1

gµ′(µt)
xti,

Uγj() =
∂l2(2)

∂j

=


t:yt∈(0,1)

∂lt(µt,ϕt)

∂ϕt

dϕt

dϑt

∂ϑt

∂j

=


t:yt∈(0,1)


µt [(yt)− (1− yt)− ψ(µtϕt) + ψ((1− µt)ϕt)]

+ (1− yt) + ψ(ϕt)− ψ((1− µt)ϕt)
1

gϕ′(ϕt)
ztj



=


t:yt∈(0,1)


µt(yt

∗ − µt
∗) + s(yt) + ψ(ϕt)− ψ((1− µt)ϕt)

1

gϕ′(ϕt)
ztj



=


t:yt∈(0,1)
at

1

gϕ′(ϕt)
ztj

=
n

t=1


1− I{c})(yt)


at

1

gϕ′(ϕt)
ztj,

  µt
∗ = E(yt

∗I(0,1)(yt) = 1) = ψ(µtϕt)− ψ((1− µt)ϕt),

yt
∗ =





yt

1−yt


,  yt ∈ (0,1),

0,  ́,
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s(yt) =


(1− yt),  yt ∈ (0,1),

0,  ́

A  ̧̃   Ş̃ 3.2,  V  

 ̃ n × p      V   n    

j-́ ́, j = 1,2,    , p, yc = (I{c}(y1),    , I{c}(yn))⊤, ∗ = (1,    ,n)
⊤, 

   M = 1 − I{c}(y1),    , 1 − I{c}(yn), G = 1gα′(1),    ,

1gα
′(n)  P = 1[1(1− 1))],    , 1[n(1− n))]. O    ρ, 

  ̃ , , 

Uρ() = V ⊤PG(yc − ∗),

Uβ() = ΦX⊤TM(y∗ − µ∗),

Uγ() = MHZ⊤a

O   ́ ̧  ,   ̂ = (ρ̂⊤, ̂⊤, ̂⊤)⊤,

́     ̧̃    ̧̃

Uρ(1) = 0,

Uβ(2) = 0,

Uγ(2) = 0,

 ̧̃   = (ρ⊤, ⊤, ⊤)⊤. Ñ       

 ́ ̧,  ́  ̧̃  ́  ̧̃ ̃

     Ş̃ 3.1  3.2 , ,   

 .

S ̧̃   ,  ̧̃   

̂ = (ρ̂⊤, ̂⊤, ̂⊤)⊤ ́ N (p+ k + q)-,  ́,

̂ =



ρ̂

̂

̂


 a∼ Np+k+q






ρ






 ;K∗∗−1


 ,

  K∗∗ ́  M  Ĩ̧  F  ̂,    

K∗∗ = K∗∗() =


Kρ(1) 0

0 Kβγ(2)


,

 Kρ(1) = Kρ ́    ̧̃  F  ρ  Kβ,γ(2) = Kβ,γ  

 (⊤,⊤)⊤. A ̧̃    ̧̃  F ́   O

(2008).
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3.3.2 Regressão beta inacionada em zero e em um

P ̧̃            

 ́,  ,  [0,1], O (2008)    ́ı  ́

 ̧̃     ̃ BEZI  BEOI.

P ̧̃  ́   ̧̃ ,   ́ 

  ̂  ̃ ϕ        ,

,     ̃  ́-. A y1, y2,    ,yn ́

́     (2.2.8)   ̂ 0 = 0t, 1 = 0t,

µ = µt,  ϕ. A   ̃  µt ́   (3.1.1)   

 ̃  0t  1t ̃  

H(0t,1t) = (h0(0t,1t),h1(0t,1t))

=


r0

i=1

w0tiτ0i,

r1

i=1

w1tiτ1i



= (W0t
⊤τ0,W1t

⊤τ1)

= (0t,1t), (3.3.3)

  0t = P (yt = 0), 1t = P (yt = 1), (1 − 0t − 1t) = P (yt ∈ (0,1)),  h0(·,·)
 h1(·,·) ̃  ̧̃  ̧̃      

0t  1t, . A ̧̃ 0t  1t ̃    

    ̧̃ BEINF,  τ0 = (τ01, τ02,    ,τ0r0)
⊤ ∈ Rr0 

τ1 = (τ11, τ12,    ,τ1r1)
⊤ ∈ Rr1   ̂  ̃   

,  w0ti = (w0t1, w0t2,    ,w0tr0)
⊤ ∈ Rr0 , w1ti = (w1t1, w1t2,    ,w1tr1)

⊤ ∈ Rr1 

     r0  r1 ́   0t  1t, ,

  t-́ ̧̃.

O (2008)      (3.3.3)  ̃  -

      (̃ BIZU). O-   ̂ 0t  1t -

      ́         ,

. C  ̧̃   0 < 0t + 1t < 1,  ̧̃  ̧̃

h0(·,·)  h1(·,·)         ̧̃ 0 < 0t < 1 

0 < 1t < 1− 0t, ́    ́    ́.

A ́ı , O (2008)   gµ()  ̧̃   

h0(·,·)  h1(·,·)  ̧̃ (0t(1− 0t− 1t))  (1t(1− 0t− 1t)), ,

     ̧̃    ̃ ́ı  -

      (RLBIZU). C ,      
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H(0t,1t) = (h0(0t,1t),h1(0t,1t))

=





0t

1− 0t − 1t


, 


1t

1− 0t − 1t


,

  

P (yt = 0)

P (yt ∈ (0,1))
=

0t
1− 0t − 1t

= eζ0t ,

P (yt = 1)

P (yt ∈ (0,1))
=

1t
1− 0t − 1t

= eζ1t ,

, 

0t = eζ0t(1− 0t − 1t) =
eζ0t(1− 1t)

1 + eζ0t
,

1t = eζ1t(1− 0t − 1t) =
eζ1t(1− 0t)

1 + eζ1t


R    ̧̃   ̧̃  0t,  

0t =
eζ0t

1 + eζ0t


1− eζ1t(1− 0t)

1 + eζ1t



=
eζ0t

1 + eζ0t
− eζ0t+ζ1t

(1 + eζ0t)(1 + eζ1t)
+

0te
ζ0t+ζ1t

(1 + eζ0t)(1 + eζ1t)

=


eζ0t

1 + eζ0t
− eζ0t+ζ1t

(1 + eζ0t)(1 + eζ1t)

 
(1 + eζ0t)(1 + eζ1t)

(1 + eζ0t)(1 + eζ1t)− eζ0t+ζ1t



=


eζ0t − eζ0t+ζ1t

1 + eζ1t

 
1 + eζ1t

(1 + eζ0t)(1 + eζ1t)− eζ0t+ζ1t



=


eζ0t + eζ0t+ζ1t − eζ0t+ζ1t

1 + eζ1t

 
1 + eζ1t

1 + eζ0t + eζ1t + eζ0t+ζ1t − eζ0t+ζ1t



=
eζ0t

1 + eζ0t + eζ1t


D  ́,      ̧̃  1t, 

1t =
eζ1t

1 + eζ0t + eζ1t


O  0t  1t  P (yt = 0)  P (yt = 1), . A,
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  ̧̃ 0 < 0t + 1t < 1,   P (yt ∈ (0,1)) 

P (yt ∈ (0,1)) = 1− 0t − 1t

= 1− eδ0t

1 + eδ0t + eδ1t
− eδ1t

1 + eδ0t + eδ1t

=
1

1 + eδ0t + eδ1t


D ,  

0t = P (yt = 0) =
eδ0t

1 + eδ0t + eδ1t
,

1t = P (yt = 1) =
eδ1t

1 + eδ0t + eδ1t
,

1− 0t − 1t = P (yt ∈ (0,1)) =
1

1 + eδ0t + eδ1t


C  ̧̃   (2.2.8)     ̃  

BIZU   (3.3.3),     ̂  ̃ 

 = (⊤1 ,
⊤
2 ), 1 = (τ⊤0 , τ

⊤
1 )

⊤  2 = (⊤,ϕ)⊤. A ̧̃  ̧   ́  

L() =
n

t=1

∗(yt;µt,ϕ,0t,1t) = L1(1)L2(2),

 

L1(1) =
n

t=1


I{0}(yt)
0t 

I{1}(yt)
1t (1− 0t − 1t)

1−I{0}(yt)−I{1}(yt),

L2(2) =


t:yt∈(0,1)
f(yt;µt,ϕ)

O   ̧̃  ̧    ́

l() = 


n

t=1

∗(yt;µt,ϕ,0t,1t)



=
n

t=1

 (∗(yt;µt,ϕ,0t,1t))

= l1(1)l2(2)



36 Molos  rrss̃o t

 

l1(1) =
n

t=1

lt(0t, 1t),

l2(2) =


t:yt∈(0,1)
lt(µt,ϕ),



lt(µt,ϕ) =  Γ(ϕ)−  Γ(µtϕ)−  Γ((1− µt)ϕ) + (µtϕ− 1) (yt)

+ [(1− µt)ϕ− 1] (1− yt),

lt(0t,1t) = I{0}(yt) (0t) + I{1}(yt) (1t)

+ (1− I{0}(yt)− I{1}(yt)) (1− 0t − 1t)

(3.3.4)

N      lt(µt,ϕ) ́ ̂    ̧̃  -

̧     ̃   ̃  (FERRARI; CRIBARI-

NETO, 2004)   (3.1.2). I         

   ̧̃       ́  

  ́ı (0,1) ́     . Q   

̃ BIZU ́    ̃ ́,  ̃ ́ 

  (3.2.3),     ̃   ̃ ́ (SMITH-

SON; VERKUILEN, 2006).

O   ̃    ̃  (3.3.4)  ̧̃

    ̂ . S i = 1,    , k,       ϕ,

Uβ(2)  Uϕ(2)  

Uβi
(2) =

∂l1(2)

∂i

=


t:yt∈(0,1)
ϕ(yt

∗ − µt
∗)

1

g−1
µ (µt)

xti

=
n

t=1

ϕ[I{0,1}(yt)](yt
∗ − µt

∗)
1

g−1
µ (µt)

xti,

Uϕ(2) =
∂l1(2)

∂ϕ

=


t:yt∈(0,1)
µt(yt

∗ − µt
∗) + s(yt) + ψ(ϕ)− ψ((1− µt)ϕ)

=
n

t=1

(I{0,1}(yt))µt[yt
∗ − µt

∗] + s(yt) + ψ(ϕ)− ψ((1− µt)ϕ)

C L = 1−I{c}(y1),    , 1−I{c}(yn), ̃    Uβ(2)
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Uβ(2) = ϕX⊤LT (y∗ − µ∗)

P ̧̃     τ0  τ1,    y{0} = (I{0}(y1),

   , I{0}(yn))⊤, y{1} = (I{1}(y1),    , I{1}(yn))⊤, y(0,1) = (I{0,1}(y1),    , I{0,1}(yn))⊤,  

   ̃ n× n

∆0 = 101,    , 10n,
∆1 = 111,    , 11n,

∆(0,1) = 1(1− 01 − 11),    , 1(1− 0n − 1n),
T0 = ∂01∂01,    , ∂0n∂0n,
T1 = ∂11∂11,    , ∂1n∂1n,
T01 = ∂01∂11,    , ∂0n∂1n,
T10 = ∂11∂01,    , ∂1n∂1n

A,     1 ́  

U(1) = (Uτ0(1)),Uτ1(1))
⊤,

 

Uτ0(τ0, τ1) = W0
⊤T0(∆0y{0} −∆(0,1)y(0,1)) +W0

⊤T10(∆1y{0} −∆(0,1)y(0,1)),

Uτ1(τ0, τ1) = W1
⊤T01(∆0y{0} −∆(0,1)y(0,1)) +W1

⊤T1(∆1y{1} −∆(0,1)y(0,1)),

 W0    ̃ n × r0      W0  

n     j-́ ́  τ0, j = 1,2,    , r0,  W1  

 ̃ n × r1      W1   n   

́  τ1.

O   ́ ̧   = (τ⊤0 , τ
⊤
1 , 

⊤,ϕ)⊤ ́  

  ̧̃    ̧̃

Uτ0(1) = 0,

Uτ1(1) = 0,

Uβ(2) = 0,

Uϕ(2) = 0,

 ̧̃  . D  ́, ̃  ̧̃ ́ı    

  ́ ̧.
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S ̧̃   ,  ̧̃   

  ́ ̧   ́  (r0 + r1 + k + 1)-,  ,

̂ = (τ̂0, τ̂1, ̂,ϕ̂)
⊤ a∼ Nr0+r1+k+1


(τ⊤0 , τ

⊤
1 , 

⊤,ϕ)⊤;K∗∗∗−1

,

  K∗∗∗ ́  M  Ĩ̧  F    

K∗∗∗ = K∗∗∗() =


Kτ0τ1(1) 0

0 Kβϕ(2)


,

 Kτ0τ1(1) = Kτ0τ1  Kβγ(2) = Kβ,ϕ ̃    ̧̃  F 

(τ⊤0 ,τ
⊤
1 )

⊤  (⊤,ϕ)⊤,  (OSPINA, 2008).
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4 Estimação intervalar e testes de hipóteses

4.1 Intervalos de conança

N Ş̃ 3       ̃   

 . F     ́    ́ -

̧ ́       ́ 

. A,   ,   ̧̃   , 

    ̧̃       

̂ () ́ N s- 

̂
a∼ Ns


;K−1()


,

       ̂  , s ́  ̃    K−1

́      ̧̃  F   ̂  ̂

́    ̂ (OSPINA, 2008). C ,   s-

́   ̂, ̂s,  


̂s − s


K()ss

a∼ N(0,1),

  K()ss ́  (s,s)-́       ̧̃  F.

C  , -    ̧  

 ̂     ̃ . D ,  

́ı  ̧  100(1− )%,    ̧    s-́

    ̂  ́


̂s − z1−α

2


K()

ss

; ̂s + z1−α
2


K()

ss

, (4.1.1)

  z1−α
2
    ̧̃ N ̃   P (Z ≤ z1−α

2
) =

1− 2,  Z ∼ N(0,1).

O (2008)       ̧̃   

̧       . P ,

     ̧    ́ µt,    

̃       ̧̃  ̧̃ .
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4.2 Testes de hipóteses

Á  ̧̃    , ́ ́ 

     ̃ ̃,  , ́ı . E

  - ,     ,   ́

̃       ́ . N , -

    ̃  ̧     W,  - 

 ́    ́ ̧  ̂ 

.

S 1 = (1, , m)
⊤  

(0)
1 = (

(0)
1 , , 

(0)
m )⊤, m ≤ k,  1

(0)   

 ,   ́ H0 : 1 = 
(0)
1  H1 : 1 ̸= 

(0)
1 . M

,    
(0)
1 = 0.

4.2.1 Teste da razão de verossimilhanças

F  C-N (2004)     ̃  ̧

(TRV)     ̃   ̃   

Ş̃ 3.1,          ̃ , 

́,   ̃   . A ́ı  ̃  ̧ ́  

TRV = 2

l(̂)− l(̃)


,

  l(̂) ́    ̧̃  ̧   ̂ = (̂⊤, ϕ̂)⊤, 

̃ = (̃⊤, ϕ̃)⊤ ́    ́ ̧  (⊤,ϕ)⊤    ́

. O-   ́ı TRV     ̧   

   ̧̃  ̧  ̂  ̃, . D ,

   ́ı  ̃  ̧     

̂         (BUSE, 1982).

S H0  ̧̃   , -   ́ı  

 ̧̃  -  m    (TRV
a∼ χ2

m).

N ,   ́ı  ̂ ,  H0    H1

  ́ı TRV         (1 − )  ̧̃

χ2
m,  ,  TRV ≥ χ2

m,1−α,  P(χ2
m ≤ χ2

m,1−α) = 1− .

D  , -   ̧̃  ́ı  ̃  -

̧     ̃    Ş̃ 3.2  3.3, 

  E (2007)  O (2008).
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4.2.2 Teste de Wald

A   R̃  V̧,    W (WALD,

1943) ́ ́   F  C-N (2004)    ̂

 ̂  . E ̧̃  TRV,    W ́ 

    ,   ́ı  ̂  , - 

  ̧̃  H0     (ESPINHEIRA, 2007).

S ̂1    ́ ̧  1, ̃  ́ı  W

́  

TW = (̂1 − 
(0)
1 )⊤(K̂ββ

11 )
−1(̂1 − 

(0)
1 ),

  K̂ββ
11 ́  (1,1)-́    Kββ   (3.1),  

(̂⊤, ϕ̂⊤)⊤.

O-   ́ı TW -     ̂ 

 ̂   ́  
(0)
1     ́ ̧  1.

A, -   H0         ́ı TW.

A   ́ı  TRV,  ́ı TW ́  ̧̃

́ -  m    (TW
a∼ χ2

m),   H0 

,   ́ı  ̂ , ́ı TW        

(1− )  ̧̃ χ2
m,  ,  TW ≥ χ2

m,1−α.

P        ̂  ̃, ̃  ́

    ́ı  W  ́  ̃

TW =
(̂ − (0))2

V(̂)
,

 TW
a∼ χ2

1. O ,  ,  ́ı TW   z2  

 =
√
TW =

̂ − (0)


V(̂)

,

 z
a∼ N(0,1),      ̧̃    ́   

 W, ́   ̧̃  ̃.

E (2007)  O (2008)   ́ı  W  

  ̃   ̃ ́     , -

.



42 Crt́ros  sļ̃o  molos

5 Critérios de seleção de modelos

N    ́     ̧̃  

    ,    ́,      

  ́     ́  ́ı. N

̧̃ -      ̧̃    -

.

E  ́       ̧̃ ̃  -

. D    ̃     ́    

,   ,     ̧̃  ̂ (COR-

DEIRO; DEMÉTRIO, 2008). U,  ̧̃     

  ̂            

  . N ̧̃,        ́

  Ş̃ 4.

A    ́   Ş̃ 4.2,  -

  ́   ́   ́     

 ̧̃  ,    ́  ̧̃ (HASTIE; TIBSHIRANI,

1990). N  ̃   ́  ̧̃  A (AIC) (AKAIKE,

1974),  ́  ̧̃  (BIC) (SCHWARZ, 1978)   ́ 

 ̧̃  A (CAIC) (AKAIKE, 1983),  ̃ , ,



AIC = −2l(̂) + 2d,

BIC = −2l(̂) + 2 (n),

CAIC = −2l(̂) + 2[(n) + 1],

    l(̂) ́    ̧̃  ̧   ̂ = (̂⊤, ϕ̂)⊤,

n  ́  ̧̃  ́ ,  d  ́  ̂  .

C   O (2008),  ́ -   -

̧̃  ̧̃  ̧          ,

 ,   ́  ̂. A,      

̧̃  ̧,  ,     ,    -

, ,   , ̃    ̂   .

N ,        ́ ,  ́  -

̧̃  ,  , ́        

  ́  ̧̃ .
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6 Técnicas de diagnóstico

Á     ́    ̧̃ ́  

     ̧̃    ́, ́ 

        . N ,  ́  ́ı

   ̧̃.

E    ̃,  ́ı ́    

  ̧      ́  y    

   (CHARNET  ., 1999). A,     ́ı

  ̂           ́

 y     .

6.1 Reśıduos ponderados padronizados

P    ̃    Ş̃ 3.1  3.2, ̃

  ́ı   2. P ,   

́ı  r∗t ,   E (2007),     ̃

  ̃ , ́  

r∗t =
y∗t − µ̂∗

t√
ϕvt

, (6.1.1)

  vt = V(y∗t ) = ψ′(µtϕ) + ψ′((1− µt)ϕ).

E (2007) ̃  ̧̃    (6.1.1)  

́ı   2 (rppt )  

rppt =
y∗t − µ̂∗

t
vt(1− h∗

tt)
, (6.1.2)

  h∗
tt  t-́       H∗,  

H∗ = W 1
2X(X⊤WX)−1X⊤W 1

2 ,

    W  X    Ş̃ 3.1.

E (2007)   ́ı   2   

 ̃   ̃ ́,   ̃  (6.1.2)   

rppt =
y∗t − µ̂∗

t
v̂t(1− ĥ∗

tt)
(6.1.3)
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 ,   , v̂t = ψ′(µ̂tϕ̂t)+ψ′((1−µ̂t)ϕ̂t)  ĥ
∗
tt ́  t-́   

  
H∗ = (WΦ)

1
2X(X⊤Φ̂WX)−1X⊤(WΦ)

1
2 ,

  Φ ́     Ş̃ 3.2.

6.2 Reśıduos quantis aleatorizados

P    ̃     Ş̃ 3.3

̃   ́ı  . C   O

(2008),  ́ı      D  S (1996)   

  ̃   ́ı  C & S (COX; SNELL, 1968).

D  ́ı       ̃  -

 

rqt = Φ−1(ut), (6.2.1)

  t = 1,    , n, Φ()     ̧̃  ̃,  ut ́  ́

́    (at, bt],   at  bt ̃   

 ̃ .

P    ̃        (BEZI  BEOI)

at = y↑ytBIc(y, ̂, µ̂, ϕ̂)  bt = BIc(y, ̂, µ̂, ϕ̂),   BIc(y,, µ,ϕ) ́    -

̧̃          (2.2.3),  ̂, µ̂  ϕ̂ ̃ 

  ́ ̧  , µ  ϕ, .

C  O (2008),      ̃ BEZI, 

  yt = 0, at = 0, bt = ̂ , , ut  ̧̃   

(0, ̂]. P   BEOI,  yt = 1,   at  bt    (1 − ̂)

 1, , , , ut    ́ı   ̧̃

   (1− ̂, 1]

P      ̃ BEINF   ̃ ϕ , 

́ı      ̃   (6.2.1), ́,

 ut  ́ ́  ́ı   (at, bt],  

at = y↑ytBEINF(y, πt, t, µt,ϕ)  bt = BEINF(yt, πt, t, µt,ϕ),  

BEINF(y, π, , µ,ϕ) ́    ̧̃ BEINF   (2.2.7).

6.3 Envelope simulado

U ́ ́   ̧̃     

 ̧̃      ́  ́   ,
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  A (1985).

S F (2019),    ́  ́    -

̃,   ́   ,       

  ́  M C     . T  

    ̧̃  ,   ̧̃  ́ı -

     ́    ̧̃  

́ .

C    n ̧̃   ́ , 

t[i], i = 1,2,    , n,      ́ı  ,    ́ı

  2. C F (2019),  ́   -

 ́   (E(Z[i]), t[i]),   E(Z[i])     

́ı    ̧̃  ̃ ,  B (1958), 

  

E(Z[i]) ≈ Φ−1


i− 3

8

n+ 1
4




P ̧̃      ̧̃   ́ı,

A (1985)     :

P 1. A           n ́ı

  (́ı ).

P 2. G n ̧̃  (́)     

 P 1.

P 3. A      n ̧̃  

P 2.

P 4. C  n ́ı (́)       

 P 3.

P 5. R  P 2  4 m .

P 6. A    m   n ́ı    

.

P 7. C   ́  ı́     m  

́ı ,  ̃, ,      

. A,   ́ı ́      

. T́, -       

   , ,  ,    5%  95%.
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S A (1985),    ̧̃ ́    ́ı

    ̂   . Á ,    

m = 19,         ́ı     

  ́  120.

A F 6 ́    ́     

,   ́           

  . O- ,   ̧̃ ́    

   , ̃  ́ı       ̃ 

.

Figura 6 Exemplo de envelope simulado. (FERNANDES, 2019)

E - ,   ́    ̧ 

́ı    ́ ̧̃,        

  ́   ̧̃    ̧̃   

     ̧̃  ̃   . A,  ́  

     ́ı,     .

6.4 Worm plot

P  B  F (2001),    ́   ́ 

́  ́  ́  ́ı    ̃. E ́

       ̃       
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 , ́ ,         (BUUREN, 2007).

S, R  B (2018)        

̂  ́   QQ-P  ̂   ́ı  

  ̧   95%. S B  F (2001)  

  ́ ́,   ̧̃  ́ ,  ̧  

  ̧̃ ́  ́ı ()     ̃  

 ́  ̧̃  ̃,    F 7.

Figura 7 Exemplo de worm plot. (STASINOPOULOS; RIGBY;
BASTIANI, 2018)

A,      -     ́ 

́       ́,   ́ , 

 ,       ̧. S, R  B

(2018)          F 7 ́ ́,  

         ̧.

B  F (2001)  ̧̃   ́, ̂, -

           ́

 ,    T 1.
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Tabela 1: Interpretações de alguns momentos com base no comportamentos da
curva obtida com o worm plot. (BUUREN; FREDRIKS, 2001).

Form Momnto Comportmnto  urv Conlus̃o

Intrpto Ḿi
Aim  origm Ḿi ́ sustim

Aixo  origm Ḿi ́ suprstim

Inliņ̃o Vrîni
Inliņ̃o positiv Vrîni ́ sustim

Inliņ̃o ngtiv Vrîni ́ suprstim

Pŕol Assimtri
Form  U Exsso  ssimtri  squr

Form  U invrtio Exsso  ssimtri  irit

Curv m S Curtos
Form  S rsnt Cu ́ xssivmnt lv

Form  S rsnt Cu ́ xssivmnt ps

A   ́ ́,  ́      

        ́,    ̃ ́ ́ı

     ́  ̧̃  ̧̃     ̃

́ı.
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7 Metodologia

7.1 Métodos

O  Ŕ F         

̃    F  C-N (2004), S  V (2006)

 O (2008). I,     ́ı 

    ́      ̧̃   ̧̃.

P,          ́  

,        ́  ́ı

   ́.

7.2 Apoio computacional

T  ́  ̧̃ ́   ̧̃  ̂

 ,    ́     ,  

       ̧̃ R    -

́ı   ,   ̃ 4.1.0. O  R (R C T, 2022) ́ 

ı́ ́  ́ ́ı     ̧ ̂

://.-./.

7.2.1 Biblioteca betareg

P     ́   ̃   ̃

 (FERRARI; CRIBARI-NETO, 2004)  ̃ ́ (SMITHSON; VER-

KUILEN, 2006)     betareg (CRIBARI-NETO; ZEILEIS, 2010) 

 R. E         ̃  

 ́  ́    ́ı  (0,1). A  -

̧̃      ̧̃ ,   (2.1.4),  

̧̃    ̃   (3.1.1),     ̃

,   (3.2.1),      ̃ ́.

A ̧̃  ̂    ́,    µ  

̃,    ϕ, ́     ́  ́ ̧

  Ş̃ 3.1  3.2,   .
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7.2.2 Biblioteca GAMLSS

P      ́     [0,1), (0,1]  [0,1],

́    GAMLSS (STASINOPOULOS; RIGBY; STASINOPOULOS,

2006), ́   R. E  ́  ̧̃   

̃  ́  ́    ̧̃  ,

   ̃  ̧̃      ,   ̧̃ 

      (OSPINA; FERRARI, 2010).

A  GAMLSS   ̧̃    ̧̃

    Ş̃ 2.2.1  2.2.2. P  ̧̃  -

    ,      (2.2.1), ́   ̧̃

µ = µ,

σ =


1

ϕ+ 1
,

ν =


1− 
,

(7.2.1)

    

bic
∗(y; ν,µ,σ) =


ν

1+ν
,  y = c,

1
1+ν


f(y, µ, σ),  0 < y < 1,

(7.2.2)

  c       (c = 0)   (c = 1), ν ∈ (0,∞)

 f(y;µ,σ) ́    ̧̃   

f(y;µ,σ) =
Γ


1−σ2

σ2



Γ


µ(1−σ2)
σ2


Γ


(1−µ)(1−σ2)
σ2

y
µ(1−σ2)

σ2 −1(1− y)
(1−µ)(1−σ2)

σ2 −1, 0 < y < 1, (7.2.3)

 µ ∈ (0,1)  σ ∈ (0,1).

O-    ̂ σ   ̧̃    ϕ, 

    ̃  ,   ̂ ν   

()  ̂    c. A,  0 < σ < 1 (ϕ > 0)  ν > 0

(0 <  < 1),    ̧̃  ̧̃   σ ̃   

 µ,   ̧̃  ν ̃    ϕ.
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P  ̧̃ BEINF,      (2.2.8), 

µ = µ,

σ =


1

ϕ+ 1
,

ω0 =
0

1− 0 − 1
,

ω1 =
1

1− 0 − 1
,

(7.2.4)

   

∗∗(y; 0,1,µ,ϕ) =





ω0

1+ω0+ω1
,  y = 0,

ω1

1+ω0+ω1
,  y = 1,

1
1+ω0+ω1

f(y;µ,σ),  0 < y < 1,

(7.2.5)

 f(y;µ,σ)    ̧̃      (7.2.3), µ,σ ∈ (0,1)

 ω0,ω1 ∈ (0,∞). O- ,   ,  ̧̃   ω0  ω1 ̃

    ϕ.

P   ,  ́  ̧̃  ̂   -

    GAMLSS ́  ́  ́ ̧.
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8 Resultados e discussões

E  ̃ ́,    ̃   

     ́   . T    

  ́ı      ́,  ̃ 

    ̧̃   ,    ̧̃

   .

8.1 Estudos de simulação

A  ̧̃  ̃   Ş̃ 8.2,  -

   ̧̃           

̃ ,       ̧̃     

́ .

T  ̧̃      R   -

  5.000 ́  M C    n  40, 80, 160  320.

P  ́ ́    ́  ́ , y = (y1,    , yn)
⊤

  ̧̃   ́ . A   ̃

  ́  ́ı, ́   ́,  ̧̃ -

 ̃ (U(0,1)),          ́ 

  .

P   ̧̃    ̧̃   ,  -

      (VMR)    ́ ́ 

(EQMR)    ,    ̂ . Á , -

   ́ ́ (EQM)      . A ́

̃  

VMR =
1

R

R

i=1

i − 




,

EQMR =
1

R

R

i=1

i − 



2

,

EQM =
1

R

R

i=1


1

n

n

t=1

(yt − yt)
2


,

  R ́    ́  M C ,  i ́   

̂   i-́ ́. Á ,   ̧̃ ́

     ̧̃  .
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8.1.1 Cenário 1: Regressão beta sem inação

P  ́     ̃   ́ µ 

  ̃ ϕ  

gµ(µt) = 1 + 2xt1 + 3xt2 = X⊤
t ,

gϕ(ϕt) = 1 + 2zt1 + 3zt2 = Z⊤
t ,

(8.1.1)

  Xt ́      ́   ́ µt  Zt ́ 

  ́   ̃ ϕt. P gµ(·)  gϕ(·)    ̧̃ 

̧̃   ́ı, ,      1 = 1,4, 2 = 1,0,

3 = 1,0, 1 = 1,0, 2 = 0,7  3 = 0,7,   ,    , 

  µ  ϕ  ́  0,92  5,40, .

O     :

P 1. G       ̃   -

.

P 2. P  ́, -    ̃   ̃

́,     ,    ́ 

 ̧̃  .

P 3. P   ́, -    ̃  

̃ ,  ,  2 = 3 = 0  (8.1.1),    

. P    ̃  ́,    

́    ́     .

P 4. E-  ̧̃      

P 2  3.

A T 2    VMR  EQMR   

   ́  ̃. C ,  VMR    

̃            .

A  ́         VRM 

    ́, ́      

     , ̃       

,     ̂ . Q  1   , -

 , ́  ,       

. A  EQMR,    ̧̃    

      ́ ̧,      ̃

 ,          . S
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  ,  EQMR     ̃  

    .

Tabela 2: Cenário 1 - VMRs e EQMRs obtidos para as estimativas dos coecientes de regressão
segundo tamanho amostral n e modelo aplicado. Os EQMRs estão entre parênteses.

n Modelo β1 β2 β3 γ1 γ2 γ3

40

Correto
0,03138 0,02126 0,03589 0,16517 0,03389 0,05331

(0,19081) (0,79192) (0,74063) (0,60206) (2,47012) (2,35724)

Incorreto
0,27182 -0,40583 -0,40259 0,73614 - -

(0,35851) (0,52766) (0,47645) (0,62310) (-) (-)

80

Correto
0,02002 0,01692 0,00303 0,09905 0,01981 -0,02597

(0,07409) (0,29532) (0,35997) (0,21890) (0,93750) (1,08596)

Incorreto
0,24758 -0,4117 -0,39517 0,65750 - -

(0,22232) (0,30240) (0,33004) (0,47148) (-) (-)

160

Correto
0,01462 0,00596 -0,01319 0,05683 -0,00455 -0,02816

(0,04718) (0,15863) (0,17470) (0,13177) (0,47122) (0,49900)

Incorreto
0,27149 -0,41141 -0,42777 0,67132 - -

(0,20581) (0,24798) (0,26419) (0,47015) (-) (-)

320

Correto
0,00383 0,00240 0,00235 0,01720 0,01371 -0,00116

(0,02085) (0,07873) (0,07978) (0,05677) (0,21928) (0,22805)

Incorreto
0,26170 -0,43021 -0,41878 0,63569 - -

(0,16306) (0,22211) (0,21690) (0,41383) (-) (-)

N F 8 ̃         

̂   ́ µ    . P    ́ ́ı

     ́  VMR  EQMR,    

     ̃        

̃    . Á , -    

     ̂   ̧̃ . M -

,        ̃  

       ̂. C , ,

  ́       ,   

   ̂     ́,   -

 ́ı   ̧̃     ́  ́ 

́ .
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Figura 8 Boxplots das estimativas dos parâmetros de µ sob o Cenário 1 segundo o modelo aplicado. As
linhas vermelhas tracejadas representam os valores reais dos parâmetros.

N F 9 ̃        

   ̃. A      ́,   

   ̧̃  ̃      

           . Á , 

        1     .



56 Rsultos  sussõs

Figura 9 Boxplots das estimativas dos parâmetros de ϕ sob o Cenário 1 segundo o modelo aplicado. As
linhas vermelhas tracejadas representam os valores reais dos parâmetros.

A T 3   EQM      ,  ̃

    µ. O- ,     ,  EQM 

́        , ́   

́  EQM     . I  ,   

    ,     

     .

Tabela 3: Cenário 1 - EQMs segundo tamanho amostral n e modelo aplicado.

n 40 80 160 320

Modelo correto 0,01305 0,01381 0,01290 0,01351

Modelo incorreto 0,01336 0,01415 0,01314 0,01375

P,   ̧̃    ́, -  -
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     ̃   ̃ ́   ́ı

     . O   ́  

      ,  ̃  ̃  

 ,         ̃. I

        ̃ ,    ̃ -

  ,  ́. E    ̂  yt 

̧̃ ̃   ϕt,  ́  µt. A,    ̃ ̃  -

,    ̃     ́   

  ̃  ̂,    .

C  ̧̃    ́,    -

̃ ,  ,        ̃

́,    ,  ,       µ 

  ̧̃,    ̃  ̧    .

8.1.2 Cenário 2: Regressão beta inacionada em zero e em um

C   Ş̃ 7,     ̃ BEINF 

 Ş̃ 3.3.2 ́    ̧̃   ̧̃ ́ı

  GAMLSS (STASINOPOULOS; RIGBY; STASINOPOULOS, 2006),  ́ 

  (7.2.4). A,    ̃    ́ ̃

gµ(µt) = 1 + 2xt1 = X⊤
t ,

gσ(σ) = ,

gω0(ω0t) = τ01 + τ02w0t1 = W⊤
0tτ0,

gω1(ω1t) = τ11 + τ12w1t1 = W⊤
1tτ1,

(8.1.2)

  W0t  W1t ̃    ̃   ω0t  ω1t, .

O    ́     ̃ σ  

   ̧̃. A ̧̃     ̧̃  gµ(·)  gσ(·), 
̧̃ ́ı    ̧̃  gω0(·)  gω1(·)     ̂

  = (−1,0, 2,0)⊤,  = 0,2, τ0 = (−1,4, 1,4)⊤  τ1 = (0,7,−1,4)⊤. C , 

  , ́-    µ, σ, ω0  ω1 ́  0,50, 0,55, 0,49 

1,01, .

O    :

P 1. G       ̃ BEINF 

.

P 2. P  ́  M C, -    ̃
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BEINF  ̃ ,    , ,  ̂ -

  ̃,   ́   ̧̃  .

P 3. A  ́        

 0  1  ́   0,001  0,999, .

P 4. P  ́    , -  -

  ̃   ̃    ̧̃,    -

. P    ̃   ́   ̃ 

   ́    ́   -

  .

P 5. E-  ̧̃      

P 2  4.

N T 4 ̃    VMR  EQMR  

  ̂   .

Tabela 4: Cenário 2 - VMRs e EQMRs obtidos para as estimativas dos coecientes de regressão
segundo tamanho amostral n e modelo aplicado. Os EQMRs estão entre parênteses.

n Modelo β1 β2 γ1 τ01 τ02 τ11 τ12

40

Correto
0,03012 0,02989 -0,79225 0,21352 0,24292 0,07866 0,08379

(0,48263) (0,31777) (2,72797) (1,26938) (2,31468) (1,43511) (1,12560)

Incorreto
-1,72974 -1,43513 6,55404 - - - -

(3,13626) (2,16192) (43,24637) (-) (-) (-) (-)

80

Correto
0,01160 0,01336 -0,37311 0,07666 0,08571 0,0476, 0,04215

(0,18090) (0,12080) (0,96068) (0,37035) (0,75060) (0,53533) (0,42402)

Incorreto
-1,71988 -1,42878 6,64752 - - - -

(3,02103) (2,08606) (44,31601) (-) (-) (-) (-)

160

Correto
0,00775 0,00549 -0,18254 0,03343 0,03931 0,01546 0,01733

(0,08272) (0,06871) (0,43679) (0,14428) (0,37579) (0,24342) (0,24298)

Incorreto
-1,70562 -1,42154 6,70122 - - - -

(2,93869) (2,04205) (44,96674) (-) (-) (-) (-)

320

Correto
0,00428 0,00306 -0,07996 0,01421 0,01601 0,01311 0,01236

(0,04666) (0,03421) (0,19108) (0,07400) (0,17512) (0,13784) (0,11778)

Incorreto
-1,71286 -1,42498 6,69930 - - - -

(2,94880) (2,04304) (44,91097) (-) (-) (-) (-)

C  ,  VMR     ̃  

             . O- ,

        ,    

 ́  ́  1%,  1,      −8%. A
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   ,    VRM   

       ,  ̃     

   .

D  ́,  ̧̃  EQMR   ̧̃  

        ,   

  ̃        -

   . S    , - EQMR

          . Á

,     ̃   ̂  ̧̃    

  .

N F 10 ̃         

  ̃   µ  ϕ    . N

 ́ ́ı          

̧̃ . C       VRM  EQM, 

̂ 1  1  ,    ̂ 2  .

Figura 10 Boxplots das estimativas dos parâmetros sob o Cenário 2 utilizando o modelo com a
especicação incorreta. As linhas vermelhas tracejadas representam os valores reais dos
parâmetros.

A F 11         ̃ 

  . V- ,  ̧̃  1,     

   ́     ̂,  

  . Á  ́ ́ı   ̂  

 ̃      ̃   . E ̧̃

 1,       ́  VMR  EQMR,  ́ 

,   ,         

,   n = 40.
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Figura 11 Boxplots das estimativas dos parâmetros sob o Cenário 2 utilizando o modelo
com a especicação correta. As linhas vermelhas tracejadas representam os
valores reais dos parâmetros.
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O- ,    ,  ́  ́  ́ -

    ̃   ̂ µ. A,   

          ́ı   -

 ̧̃   ,     ̧̃  ̧̃ 

 ́   ́ .

P, -     ̃    

    BEINF,  ́  ́      ̧̃.

D ,   ̧̃  , -   ̃ ́ -

  ̧̃   0  1  ́   ̂-   ́ı

(0,1) ,  ,   ̧̃  ̃  .

8.2 Aplicações

C ́  ,     ̧̃  -

́ı   ̂     ,     

   ́   ́ı .

S    ,  ́ı   ́

 ́ ̃  ́ı   2,    ̃

  ̧̃,   ́ı ́ı ,     ̃ 

. P ̧̃    ̧    

́   , ̃       5%

 95%  ́ı . Á ,      ́  

  ̧ ́ı  ́ı  ̂  5%.

8.2.1 Aplicação 1: Fator de simultaneidade para sistemas prediais de gás

natural

O ,    F (2014)  F (2019), -

        ̧̃  ́   ̧̃

 ́   S̃ P, B. C F (2019),   

  I  P T́ (IPT)   C  Ǵ 

S̃ P (COMGÁS),         

      ̧̃  ́ .

O    ́ 42 ̧̃   ̧̃  

     COMGÁS    2004,    -

̧̃        ̂ ,  ̃    

  ̧̃. S F (2019),    , 
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 ̃    ́, ́  ̧̃ ́    -

    ̧̃  ́,   ̂     

́    ́,  . M    

    F (2019).

O   ̧̃ ́   ̧̃     , 

́  ́ ,   ̂ . N T 5 ̃  

  ̧̃     . C  ,   

    0,016  0,464. A    ́ 

́,   ̃  ́  1º  3º    ,    

̧̃   ́   , , ̧̃   ́

 .

Tabela 5: Medidas descritivas de posição para o fator de simultaneidade

Mı́nimo 1º Quartil Mediana Média 3º Quartil Máximo

0,016 0,061 0,070 0,097 0,114 0,464

C  ́  ́    (0,1),    ̃

   Ş̃ 3.1  3.2        -

. A-   ̧̃ y1,    , yn   (  )

̃   ́ ́     yt, t = 1,    , n, 

̧̃   ́ µt  ̃ ϕ,     ̃ 

 ́ µt    ̃ ϕ  

gµ(µt) = 1 + 2x
∗
t ,

gϕ(ϕ) = ,
(8.2.1)

  1, 2   ̃  ̂  ̃,  x∗
t1
= (xt1),  x∗

t   

   ́  (  ̂ ). I-

,   4    gµ(·)  ̧̃  ̧̃ ,

,   . E       ̧̃ ́ı 

̧̃  gϕ(·).

N F 12 ̃   ́     ́ı

       . P   , -

  ́ı ̃,   ,       

,     ̃ ́      ̧̃ 

́ .
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Figura 12 Grácos de probabilidade normal com envelope simulado para os reśıduos dos modelos com
precisão constante ajustados com ligação logit (a), probit (b), complementar loglog (c) e
loglog (d).

N F 13   ́  ̃       

̂         . P- 

   ̃  ́  ,  ́,   

 ̧̃   ́.

Figura 13 Gráco de dispersão entre a potência computada e o fator de
simultaneidade e as curvas ajustadas pelos modelos considerados.
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A,     ̃    -

̃  ́    . P ,    ̂ 

   ́  ́  ̃ ϕt. A,   ̃

 

gµ(µt) = 1 + 2x
∗
t1,

gϕ(ϕt) = 1 + 2x
∗
t1,

(8.2.2)

  1, 2 ̃    ̃   ϕt. P   ̧̃,

 ,  gµ(·)  gϕ(·),   ̧̃  ̧̃   

 (8.2.1). A F 14   ́      

     ̃ ́ . O- ,   

 , ̃        ̧̃  

 ̃   .

Figura 14 Grácos de probabilidade normal com envelope simulado para os reśıduos dos modelos com
precisão variável ajustados com ligação logit (a), probit (b), complementar loglog (c) e loglog
(d).

N ,   ́     ̃  
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̃   ̧̃ ,    ,     -

̧̃    ̃  ,     ́    

 ̧̃   ́. P,   ̧̃    µt  ϕ ̃ 



µt =
eβ1+β2x∗

t1

1 + eβ1+β2x∗
t1
, ϕ = () (8.2.3)

A T 6      ̂   ,

́   ̃, ́ı z  p-    W    

  ̃. O-     ̂  ́ -

         .

Tabela 6: Estimativas dos coecientes de regressão, erros padrão, estat́ısticas z e p-valores do teste de
Wald para a nulidade dos coecientes da regressão beta com precisão constante.

Parâmetro Estimativa Erro padrão Est. z p-valor

β1 -1,712 0,067 -25,48 < 0,001

β2 -0,794 0,067 -11,93 < 0,001

γ 4,374 0,219 19,94 < 0,001

A,     ̃  ̧   

   ̃   ́ ́   ,  , -

H0 : 2 = 0  H1 : 2 ̸= 0. O   ̂    ,

    ́ı TRV     49,33,  , TRV > χ2
1,0,95 = 3,84.

A,  ́ı  ̂  5%,  H0    H1.

P ̧̃  ,  (8.2.3)  

µt =
e−1,71−0,79x∗

t1

1 + e−1,71−0,79x∗
t1

,

  x∗     ̂ . O-   ̧̃ ́

  2 ́ ,  ,       ̂ ,

 ́     .

A T 7 ,       ̂ 

(x∗
t1),     ́   ́    0,1

 ́,       1,1   ̂.

C    x∗
t1 = 0,5,   0,1  ́,  ́ 

       6,83%. E   

          ̂ .
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Tabela 7: Impacto na média estimada da variável resposta ao acrescermos 0,1 em x∗
t1 segundo

diferentes valores da covariável para o modelo de regressão beta com precisão constante e ligação logit.

Valor de x∗
t1 Alteração na

resposta média (%)

-1,5 4,91

-1,0 5,55

0,5 6,83

1,0 7,06

1,5 7,23

2.0 7,34

P ,           ̃

, ́   ,    ̧̃      

,  ́ ́     ́. P 

,     ̃     -

̧̃   ́  (RLN ),       ̧̃ 

   ̃  . A   ̃   

y∗t = gµ(yt) = 


yt

1− yt


= 1 + 2x

∗
t1 + i,  i

ind∼ N(0, σ2), (8.2.4)

  yt ́       t-́ ̧̃  gµ(·) ́  ̧̃ .

R-   ́  y∗   ̧̃   ́ µt 

̂ σ2 .

A F 15   ́  ̃       

̂          RLN , 

    ̃ ,      RLN    ́

 RLN , ́  ̧̃   (RLN). A   ̃ 

 RLN ́   yt = 1 + 2x
∗
t1 + i. C  ,   RLN ̃ ́

   ,    ̃     ̧̃ 

 , ́    , ̧̃ ́ı   ́ı

 . E ,   RLN       

̧̃   . I ́ ̧       

   ̃  .

E,     ́  ,    ̧̃

     RLN    ̧̃   

  x∗
t    ́     ,  ́

́       . D ,    ,

 ,    ̧̃        ̂

,       ̧̃, ̃  
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RLN        ,    ́ 

     ̃ .

Figura 15 Gráco de dispersão entre a potência computada e o fator de
simultaneidade e as curvas ajustadas para os modelos RLN logit,
RLN e regressão beta com precisão constante e ligação logit.

8.2.2 Aplicação 2: Impacto nas capturas de atum devido ao aumento da

temperatura do oceano

N ̧̃       M-H,

P  S-L (2017),        

    . S  ,     ́ 

   ,    -      ́ 

  ́      , ́  ̧̃   

́     ́   ́. I  

   ̧̃    ̧̃      ̧̃ 

  .

S M-H, P  S-L (2017),    -

         ̧̃    

    ,     ̧̃  ́   -

    ̧ ́   .

O  ́ ̧̃   19.019    -

       1967  2011  O Í, Ṕı  Â.

O ,    F 16, ́ ́ı    , 

 ,      ́  ,   ́ 
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  ,          (WIKIPEDIA, 2023).

Figura 16 Exemplo de palangre. (ESPESCA, 2023)

Á  ̧̃ ,   ́:

•        ;

•    ́ı  ́   (),   C (° C);

•  ̧  (̧),   ́  ́/ ;

• ̧̃        ,  ́  ́

  ̧̃.

O     ̧̃ ́   ̧̃   ̧̃

        ́ ́ı,   

̧̃    ́ı  ́      . A,

    . F      

   Â     1972. N T 8  

     . C  ,  ́ ,

 ́  ̧̃,     [0,1),  ,    0.

I      ̃      

 . D ,    ̃ BEZI   Ş̃ 3.3.1

      .

Tabela 8: Medidas descritivas de posição para a proporção de atum tropical capturado.

Mı́nimo 1º Quartil Mediana Média 3º Quartil Máximo

0,0000 0,0005 0,0237 0,1921 0,1988 0,9733
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O      140 ̧̃   35,  

25%  ,  ́     . O-   1º  

 , ̃  ́  , ́     

   ́. I   ̧̃ ́    , 

  ̧̃  ̧̃    ́  . F

   ́ ,   . A ́

̧ ̃ ́ ,      ̧̃    

    ̂ ̃,     ́ı    ̧̃.

A ́    , ,    . A 

  ̃ ́     ́  ̧̃,    

́ ,   ́        E. A 

   ̂  ̧̃    G,     ,

     . N ́ ,  ,     

G,      ́    .

D ,   0/0°        G  

  E   (WIKIPEDIA, 2023). A,    

       −100°  20°,     −45° 
45°,   ́ ́ı   ̧̃   Â  ̧̃  

́.

A ́   ́      ́ı 

̧̃       ́ . A    -

  , ,   ́ı  95%  ̧,   [−0,76;−0,57]

    ̧̃  P. O   ́  ̧̃ 

(MORETTIN; BUSSAB, 2017)   ̂  ̧̃,  p-

  0,001. E           ,

 ́  ̧̃    . N ,     -

         , ,  ́

      ̧̃       -

. Á   ̃  ́ı  ̧̃   

  ́ ,   ,  95%  ̧,     

  ̧̃  P  [−0,16; 0,17].

A     11,58°  27,61°,    24,12°.
O   95%  ̧      ̧̃  P 

[0,38; 0,62]. C p-   0,001,    ́  ̂ 

̧̃       ́ . A, ́ ̂

  ̧̃           

́ı   ́ . O- ́ ̂   ̧̃ 

[−0,86;−0,75]       ,      
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   ,  ́    ́ı  . E 

́       F 17,     ́

 ̃      ̧̃   ,    

   .

Figura 17 Diagramas de dispersão entre a temperatura e a variável resposta
(a) e entre a temperatura e a latitude absoluta (b).

A   ̧̃     , 

-      ̃ BEZI      

  ́. A-   ̧̃ y1,    , yn   (-

̧̃    ) ̃ ́ ́    

yt, t = 1,    , n,  ̧̃ BEZI     (7.2.4),  ̂ µt,

σt  νt,      ̃

gµ(µt) = 1 + 2xt1 + 3xt2,

gσ(σt) = 1 + 2xt1 + 3xt2,

gν(νt) = ρ1 + ρ2xt1 + ρ3xt2,

(8.2.5)

  ,   ρ ̃    ̂  ̃  ̂ ,  xt1

 xt2 ̃, ,         

 t-́ ̧̃. P     ̧̃,   

̧̃  ̧̃   gµ(·)  gσ(·),   ̧̃ ́ı  gν(·). E 

́   M 1.

C   ̧̃   ́, ́  

 ̂    M 1,    ̧̃  

 . O M 2      ́   ̂
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  ̃,  ,   3 = 3 = ρ3 = 0,   M 3 

 ́   (2 = 2 = ρ2 = 0). A,     ,

́  M 1, ́    ́    

̃   νt,  ,  ρ3 = 0.

A F 18      4  . C 

,  M 1  4       ,   

    ̃        ̧  

    ,   ́ . O M 2 ̃

  ́ı    ̧̃  ̧̃  ́ -

,      ́ ̃     , ,

-   ́. O M 3      

  ̧̃  ̧̃,         

.

Figura 18 worm plots dos modelos de regressão BEZI ajustados.

F    ̃  ̧   M 1 
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   ̂. A T 9      ́ı  ,

     p-. C   , 

̂     M 1  ̧̃  M 2  3,  

     . E,   ̃  ̂ 

 ̧̃  M 4    M 1.

Tabela 9: Resultados dos testes da razão de verossimilhanças para comparação entre o Modelo 1, e os
demais modelos ajustados.

Modelo sob H0 Modelo sob H1 Est. Teste Graus de Liberdade p-valor

2 1 28,62 3 < 0,001

3 1 15,666 3 0,001

4 1 0,03 1 0,874

U    M 1  4 , ́ , ́ı  

  , ̃     ́   M 4, , ́ 

  ,        ́ 

̧̃. E  M 1  AIC  −98,38, BIC  −71,91  CAIC

 −85,14,  M 4 , , −100,35, −76,82  −88,59  

 ́. A T 10      ̂  

, ́   ̃, ı   p-    W  

    ̃. O-     ́ 

    ̂ ́ı   ́ı  5%.

Tabela 10: Estimativas dos coecientes de regressão dos modelos ajustados, além dos erros padrão,
estatısticas z e p-valores do teste de Wald para a nulidade dos coecientes da regressão.

Parâmetro Estimativa Erro padrão Est. z p-valor

β1 -4,75 1,67 -2,84 0,005

β2 0,19 0,06 3,25 0,001

β3 -0,09 0,02 -5,31 < 0,001

γ1 -1,68 1,24 -1,35 0,178

γ2 0,10 0,04 2,20 0,030

γ3 -0,05 0,01 -3,63 < 0,001

ρ1 3,54 1,22 2,90 0,004

ρ2 -0,21 0,05 -3,77 < 0,001

P,    ́ , -    

́       ̧̃  ̧̃   

  O Â    1972      ́ı

     ,   . A,   ̧̃ ,
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µt =
(1 + 2xt1 + 3xt2)

1 + (1 + 2xt1 + 3x2t)
=

(−4,75 + 0,19xt1 − 0,09xt2)

1 + (−4,75 + 0,19xt1 − 0,09xt2)
,

σt =
(1 + 2xt1 + 3xt2)

1 + (1 + 2xt1 + 3xt2)
=

(−1,68 + 0,10x1 − 0,05xt2)

1 + (−1,68 + 0,10x1 − 0,05xt2)
,

νt = (ρ1 + ρ2xt1) = (3,54− 0,21xt1)

(8.2.6)

D (2.2.4)    ̧̃   (7.2.4),    ́ 

́  ́  

E(yt) =


1− νt

1 + νt


µt =


1

1 + νt


µt,

  µt  νt ̃   ̃  (8.2.6).

O-   ̧̃       ́ ́ , 

    ̧̃ ́         

  ́ı   ́ . P  ,  ̧̃   

    ́ ,     ̧̃ ́     

    .

A T 11 ,   ́     , 

   ́  ́    1    

́    . C  ,    -

  ,  , 20°,   1° C   ,  ̧̃

́        23,66%. E 

              .

P  ,    ,  , 20° C,    -

   ,  ̧̃ ́     ́  

7,68%. P  ,          

.

A,  (8.2.6),  



 µt

1− µt


= 1 + 2xt1 + 3xt2 = −4,75 + 0,19xt1 − 0,09xt2,

, 

µt

1− µt

= (1 + 2xt1 + 3xt2) = (−4,75 + 0,19xt1 − 0,09xt2)



74 Rsultos  sussõs

Tabela 11: Impactos na média estimada da variável resposta ao acrescer 1 unidade em uma das
covariáveis mantendo a outra constante, para diferentes valores xados.

Covariável xada Valor xado Covariável acrescida Acréscimo Alt. resposta média (%)

Latitude absoluta 2,5° Temperatura 23° para 24° C 17,48
Latitude absoluta 10° Temperatura 23° para 24° C 20,66
Latitude absoluta 20° Temperatura 23° para 24° C 23,66
Latitude absoluta 30° Temperatura 23° para 24° C 25,31
Latitude absoluta 40° Temperatura 23° para 24° C 26,10

Temperatura 12° C Latitude absoluta 20° para 21° -8,08
Temperatura 16° C Latitude absoluta 20° para 21° -7,95
Temperatura 20° C Latitude absoluta 20° para 21° -7,68
Temperatura 23° C Latitude absoluta 20° para 21° -7,31
Temperatura 27° C Latitude absoluta 20° para 21° -6,50

Á , -   ̃ µt(1 − µt)      .

S     i-́ ́ ́   c    

́ ́  , ̃  ̃    ́  

µ∗
t(1− µ∗

t )

µt(1− µt)
= ec

βi ,

  µ∗
t ́    µt     ́   c ,  µt

́    µt    ,  ,    c . A,

 ̃   ,  ,       

 ̧̃   ́  ,      ́. P

,     ,  ́  1° C  ,

           21,2%,

    ̃    ́ (0,19) = 1,212. P  , 

  ,           -

 8,2%   1°   ,     ̃  

 ́ (−0,09) = 0,918.

P    ̃     νt, 

  ̧̃ ́       ́. O 

 (7.2.1), νt = t(1−t),   t       

 0   t-́ ̧̃. A,  (8.2.6) 

(νt) = 

 t

1− t


= ρ1 + ρ2xt1 = 3,54− 0,21xt1,

  

νt =
t

1− t

= (ρ1 + ρ2xt1) = (3,54− 0,21xt1)
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S    (xt1) ́   d , ̃  ̃  

    ́  

ν∗
t

νt
=
∗
t (1− ∗

t )

t(1− t)
= edρ2 ,

  ν∗
t ́    νt     ́   d ,  νt

́    νt    . D ̃  ,  , 

́  1° C  ,      ̃  

      18,9%,     ̃   

́ (−0,21) = 0,811.

P ,  ́ı ,     ̃   -

̃ ́   ̧̃. P         

̧̃, ́,     ́    0  

0,001,     ́      (0,1). D ,

  ̧̃   (7.2.3)    ̃ ̃

gµ(µt) = 1 + 2xt1 + 3xt2,

gσ(σt) = 1 + 2xt1 + 3xt2

A F 19      ́ı ́ı    ̃

  ̧̃  ́  ̧̃    ́ . O-

   ̃   ,    ́ ́ı    

    ̧,    ́  . D

,  ́ı     ̧̃  ̧̃  ́ -

. Á ,          ̧̃

. A  ́ ,     ̧̃   ̧̃ 

̧̃     ̃  ́       , 

     ́    ,   

    . O ́  ́  

  ,  ̂     , ́  , -

. Á ,      ́ (  U),  

        ̧̃      

.

L,   ̧̃     ̧̃, -  

̧̃  ̧̃  ́        -

̧̃    ̃   ( ̧̃)    

. N ,         -

  ́ı,       ̃     
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   ,      ̃ .

Figura 19 worm plot do modelo de regressão beta sem inação ajustado.
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9 Considerações nais

C     ́      ́ı

   ́,        ̃

   ̃    F  C-N (2004),  -

  ̃    ̃ ́  S  V (2006), 

   ̃      O  F

(2012). E   ̃        -

́ı   ́    ̧̃   ̧̃,

  ̧̃   ̧̃       

́. D     ̧̃ ̃   ̧̃ 

    ̃.

P,         ́ı  

 (0,1),    ̃   ̃  (FERRARI; CRIBARI-

NETO, 2004)     ̃   ̃ ́ (SMITHSON; VER-

KUILEN, 2006) ̃     . Á ,   

  ̂  ̃     ́,   ,

    ,       ́ı , -

,     ̧̃    .

N ̂,      ̃   (OSPINA;

FERRARI, 2012),         0 / 1  -

̧̃ ,      ̧̃     -

,       ̧̃  ̃   . E

          ̧̃ -

   R. N   ̧̃     ̧̃  

 ̃   ̃       ́ı 

̃ ́,         

̃, ,  ,    ̧̃  ̧̃   ́

   ́. Ñ ,  ̧̃     

 ́. D ,      ,  , 

  ̧̃,      ̧̃   ́, ̃

   ̃   ̃        .

P ,    ̧̃   . N , -

     ̃   ̧̃  ̃  ́  

  ̧̃   ́    ́,  ,

          ́ ,  ́  

(0,1). T́,      ̃   ̃   ,
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          . Á ,  

    ̃    ̧̃   ́  

  ́, ,       

́  ́      ́.

N  ̧̃,   ́      

,             -

̃ BEZI  ̃ ́. A,      ̃, -

   ̧̃          

  ́ . E ,  ̧̃      -

             . Á ,

      ̃       -

     1º C     ́ı

 . F,    ̧̃  ̧̃  ́ 

       ̧̃  ̃   ( -

̧̃)     ,   ,    

 .
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